In the present paper we study local and 2-local derivations of the classical locally simple Lie algebras. Firstly, we prove that every local and 2-local derivations on classical locally simple Lie algebra is a derivation. Further, we show that every local derivation of Borel subalgebras of locally simple Lie algebras is a derivation.
Introduction
Given an algebra L, a linear operator D : L → L is called a derivation, if D(xy) = D(x)y + xD(y) for all x, y ∈ L(the Leibniz rule). Each element a ∈ L implements a derivation R a which is called an inner derivations.
The notions of local derivations were first introduced in 1990 by R.V.Kadison [19] and D.R.Larson, A.R.Sourour [20] . A linear operator ∆ on an algebra L is called a local derivation if given any x ∈ L there exists a derivation D x (depending on x) such that ∆(x) = D x (x). The main problems concerning this notion are to find conditions under which local derivations become derivations and to present examples of algebras with local derivations that are not derivations. R.V.Kadison proved that each continuous local derivation of a von Neumann algebra M into a dual Banach M-bimodule is a derivation. In 2001 B.E.Johnson culminated the studies on local derivations, showing that every local derivation from a C * -algebra A into a Banach A-bimodule is a derivation [18] .
Investigation of local derivations on algebras of measurable operators were initiated in papers [1] , [5] and others. Later in [3] and [13] similar notions and corresponding problems are considered for Lie algebras. In [3] Sh.A.Ayupov and K.K.Kudaybergenov have proved that every local derivation on semi-simple Lie algebras is a derivation and gave examples of nilpotent finite-dimensional Lie algebras with local derivations which are not derivations. In [8] local derivations of solvable Lie algebras are investigated and it is shown that any local derivation of solvable Lie algebra with model nilradical is a derivation.
In [9] Sh.A.Ayupov, A.Kh.Khudayberdiyev and B.B.Yusupov proved that all local and 2-local derivation on the solvable Leibniz algebras with model or abelian nilradicals, whose the dimension of complementary space is maximal, is a derivation. They show that solvable Leibniz algebras with abelian nilradicals, which have 1-dimension complementary space, admit local derivations which are not derivations.
In 1997, P.Šemrl [17] introduced the notion of 2-local derivations and 2-local automorphisms on algebras. Namely, a map ∇ : L → L (not necessarily linear) on an algebra L is called a 2-local derivation if, for every pair of elements x, y ∈ L, there exists a derivation D x,y : L → L such that D x,y (x) = ∇(x) and D x,y (y) = ∇(y). The notion of 2-local automorphism is given in a similar way. For a given algebra L, the main problem concerning these notions is to prove that they automatically become a derivation (respectively, an automorphism) or to give examples of local and 2-local derivations or automorphisms of L, which are not derivations or automorphisms, respectively. Solution of such problems for finite-dimensional Lie algebras over algebraically closed field of zero characteristic were obtained in [2, 4] and [13] . Namely, in [4] it is proved that every 2-local derivation on a semi-simple Lie algebra L is a derivation and that each finite-dimensional nilpotent Lie algebra, with dimension larger than two admits 2-local derivation which is not a derivation. Similar results concerning 2-local derivations and automorphisms on simple Leibniz algebras were obtained in [6] . Concerning 2-local automorphism, Z.Chen and D.Wang in [13] prove that if L, is a simple Lie algebra of type A l , D l or E k , (k = 6, 7, 8) over an algebraically closed field of characteristic zero, then every 2-local automorphism of L, is an automorphism. Finally, in [2] Sh.A.Ayupov and K.K.Kudaybergenov generalized this result of [13] and proved that every 2-local automorphism of a finite-dimensional semi-simple Lie algebra over an algebraically closed field of characteristic zero is an automorphism. Moreover, they show also that every nilpotent Lie algebra with finite dimension larger than two admits 2-local automorphisms which is not an automorphism.
In [10, 11, 22] the authors studied 2-local derivations of infinite-dimensional Lie algebras over a field of characteristic zero and proved that all 2-local derivations of the Witt algebra as well as of the positive Witt algebra and the classical one-sided Witt algebra are (global) derivations and every 2-local derivation on Virasoro algebras is a derivation. In [7] the authors proved that every 2-local derivation on the generalized Witt algebra W n (F) over the vector space F n is a derivation, where F is a field of characteristic zero. Further we consider generalized Witt algebras of the form W = W (G, I) over the field F, where I is an infinite index set and G = i∈I Z = {(a i ) i∈I : a i = 0 except for a finite number of i ∈ I} , and proved that all 2-local derivations on W (G, I) are also derivations. Finally, in [7] we show that every 2-local derivation on B(Z n , I), the Borel subalgebra of W n (F), is a derivation. In [12] Y.Chen, K.Zhao and Y.Zhao studied local derivation on generalized Witt algebras. They proved that every local derivation on Witt algebras is a derivation and that every local derivation on a centerless generalized Virasoro algebra of higher rank is a derivation.
In the present paper we study local and 2-local derivations of the classical locally simple Lie algebras and on their Borel subalgebras.
In Section 2 we prove that every local derivations on the classical locally simple Lie algebras is a derivation. In Section 3 we prove that every 2-local derivations on such Lie algebras is also a derivation. In Section 4 we prove similar results for Borel sublagebras of above Lie algebra.
Preliminaries
In this section we give some necessary definitions and preliminary results. Definition 2.1. A Lie algebra L over a field K is a vector space on K with a bilinear mapping L × L → L denoted (x, y) → [x, y] and called the bracket of L and satisfying:
Any Lie algebra L contains a unique maximal solvable ideal, called the radical of L and denoted by RadL. A non trivial Lie algebra L is called semi-simple if RadL = 0. That is equivalent to requiring that L have no nonzero abelian ideals. In L algebra a simple Lie algebra is a Lie algebra that is nonabelian and contains no nonzero proper ideals.
We have the following theorem for the local and 2-local derivations on semi-simple Lie algebras. Let F be an algebraically closed field of characteristic zero, and suppose that L is a finite-dimensional simple Lie algebra over F of rank l, H is a fixed Cartan subalgebra of L, R ⊆ H * is the corresponding root system of L, Π = {α 1 , ..., α l } is a fixed base of R, R + is the set of corresponding positive roots relative to Π. The roots in Π are called simple.
Set
. Then B is called the standard Borel subalgebra of L. We have the following theorem for the local derivations on standard Borel subalgebra algebras.
Theorem 2.4. [21] Let F be an algebraically closed field of characteristic zero, let L be a finite-dimensional simple Lie algebras over F, and let B be a standard Borel subalgebra of L. Then every local derivation ∆ on B is a derivation.
If A is the additive group of Z n with n > 0, then the group algebra FA is isomorphic to the Laurent polynomial algebra
1 , . . . , t ±1 n ] over F, consisting of the Laurent polynomial vector fields
where (t 1 , . . . , t n ) ∈ F n are the canonical coordinates in F n . A Lie algebra which is isomorphic to the Lie algebra W n (F) of Laurent polynomial vector fields is called a Witt algebra over the vector space F n . The Lie algebra W n (F) has a basis {w(a, i) : a ∈ Z n , i ∈ I} such that the multiplication rule
We have the following theorems for the local and 2-local derivations on infinitedimensional Lie algebras.
Theorem 2.6. [12] Any local derivation ∆ on W n (F) is a derivation.
Let Z + be the set of non-negative integers. Setting B(Z n , I) = span w(a, i) : a ∈ Z n + , we obtain the so-called standard Borel subalgebra of W n (F). is a symmetric bilinear form on L called the trace form on L relative to ρ, where tr denotes the trace of a linear operator. In particular, for V = L and ρ = ad the corresponding trace form is called the Killing form and it is denoted by ·, · .
Another importance of the Killing form is the following property. A Lie algebra L is semi-simple if and only if its Killing form is non degenerate, i.e. x, y = 0 for all y ∈ L implies that x = 0.
Let F be a field of characteristic zero and let g be an F−Lie algebra which is a directed union of simple finite-dimensional Lie algebras. This means that g = lim −→ g j is the direct limit of a family (g j ) j∈J of finite-dimensional simple Lie algebras g j which are subalgebras of L and the directed order ≤ on the index set J is given by j ≤ k if g j ≤ g k . is a hyperplane ideal which is a simple Lie algebras.
To define the Lie algebras o J,J (F) and sp J (F), we put 2J := J∪ − J, where −J denotes a copy of J whose elements are denoted by −i, i ∈ J, and consider the 2J×2J− matrices
We then define
Let J be a set, M J (F) rc−f in the Lie algebra of row-and column-finite J × J−matrices and 1 = (δ ij ) the indentity matrix [15] . Then
We denote by gl(J, F) the Lie algebra of all J×J−matrices whit finitely many nonzero entries which is spanned by the matrix units E jk : J × J → F, (l, m) −→ δ jl δ km for (j, k) ∈ J × J. The Lie algebra g = gl(J, F) is locally finite and, obviously, all its subalgebras are also locally finite. It permits a root decomposition g = h ⊕ α∈R g α with respect to the subalgebra h = span F {E jj : j ∈ J} of diagonal matrices. If we set ε k : h → F, E jj −→ δ jk , then the root system is R = {ε j − ε k : j, k ∈ J, j = k} and the root spaces are g ε j −ε k = FE jk .
We say that a Lie algebra g has a root decomposition with respect to an abelian subalgebra h if is the corresponding root system and h * is the space of all linear functionals on h. In this case, h is called splitting Cartan subalgebra of g, and g respectively the pair (g, h) is called split Lie algebra. Let be that g = lim −→ g i is the direct limit of a family (g i ) i∈I of finite-dimensional simple Lie algebras g i . Denote by R I the system of roots of the algebra g I [16] .
Local derivation on the classical locally simple Lie algebras.
The main result of this section is given as follows. The proof is complete. This means that ∆ is a derivation.
2-local derivations on the classical locally simple Lie algebras
In this section, we study 2-local derivations on the classical locally simple Lie algebras. Recall the following results from the paper [15] . The main results of this section is the following. Since any derivation on a locally simple Lie algebra g is inner, it follows that for such algebras the above definition of 2-local derivation is reformulated as follows. A map ∇ : g → g is called a 2-local derivation on g, if for any two elements x, y ∈ g there exists an element a x,y ∈ g(depending on x, y) such that Proof of Theorem 4.3 Let ∇ be a 2-local derivation on g. By Lemma 4.4 ∇ is a local derivation. By Theorem 3.1 ∇ is a derivation.
Local derivations on Borel subalgebras
In this section, we study local derivations on standart Borel subalgebras. Further we need to consider the following subcases This means that ∆ is a derivation.
